A PROOF OF SIEGEL'S WEIGHT FORMULA ALEX ESKIN, ZElV RUDNICK, AND PETER SARNAK 1. Introduction. In this note we apply our orbit-counting method [DRS] to give a simple and conceptual proof of Siegel's weight (or "mass") formula. We begin by recalling this fundamental result. Let A and B be symmetric, nondegenerate (half) integral matrices of size rn x rn and n x n, respectively. The formula counts the number of integral solutions to (1.1) tXAX B
where X is an m x n matrix (m > n) in terms of p-adic solutions to (1.1) (or equivalently, solutions of (1.1) as a congruence). Let G be the orthogonal group O(A). Now G acts on the variety V consisting of solutions of (1.1). The local densities are given by (1.6), while the density "at infinity" is given by the singular integral (1.2). Second, we can count N(T, V) using the orbit counting method of [DRS] , which counts asymptotically the contributions of each G(Z)-orbit in V(Z). This method basically uses nonabelian harmonic analysis on G(Z)\G(R); see [EM] The proof is by induction on the number of variables m. We first deal with Q-isotropic forms. It is enough to deal with square-free discriminants since orthogonal groups of forms whose discriminants differ by a rational square are isomorphic over Q. The case m 2 requires special consideration and is equivalent to Dirichlet's class number formula (which we assume--see [$2]). Now assume m > 3; pick k Z {0} and a vector X Z for which F(X) k, so that F restricted to the orthocomplement of X is still isotropic over Q. The stabiliser H of X is then the special orthogonal group of an isotropic form in m 1 variables, and so by induction "r(H) 2.
Proceeding now as in [Wl] , but without assuming the value of z(G), we obtain the mass formula (2.4) save for a factor of z(G)/2 on the left-hand side. Since we have already established (2.4) and both sides are nonzero, we conclude that z(G) 2.
To deal with anisotropic forms over Q (for m > 5 this is equivalent to being definite), take c Z {0} square-free, odd, represented by F, and relatively prime to disc(F). (Such a c is easily seen to exist.) Consider [Wl] gives the mass formula (2.4) upon using z(SO(F*)) 2, save for a factor of 2/z(SO(F)). Therefore, z(SO(F)) 2.
Remarks. The above proof that z(G)= 2 follows the standard inductive procedure as in [M] or [W2] though the beginning of the induction above uses Dirichlet's class number formula rather than resorting to accidental isomorphisms.
The new feature is that, by using [DRS] 
